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ABSTRACT
We carry out controlled N-body simulations that follow the dynamical evolution of binary
stars in the dark matter (DM) haloes of ultra-faint dwarf spheroidals (dSphs). We find that
wide binaries with semi-major axes a & at tend to be quickly disrupted by the tidal field of the
halo. In smooth potentials the truncation scale, at , is mainly governed by (i) the mass enclosed
within the dwarf half-light radius (Rh) and (ii) the slope of the DM halo profile at R ≈ Rh,
and is largely independent of the initial eccentricity distribution of the binary systems and the
anisotropy of the stellar orbits about the galactic potential. For the reported velocity dispersion
and half-light radius of Segue I, the closest ultra-faint, our models predict at values that are
a factor 2–3 smaller in cuspy haloes than in any of the cored models considered here. Using
mock observations of Segue I we show that measuring the projected two-point correlation
function of stellar pairs with sub-arcsecond resolution may provide a useful tool to constrain
the amount and distribution of DM in the smallest and most DM-dominated galaxies.
Key words: Galaxy: kinematics and dynamics; galaxies: evolution.
1 INTRODUCTION
The distribution of mass on very small galactic scales can be used to
test a large range of dark matter (DM) models. DM made of ‘cold’
and collisionless particles clusters on virtually all scales, virializing
into equilibrium DM haloes whose density profiles diverge toward
the centre as ρ ∼ r−1 (e.g. Dubinski & Carlberg 1991; Navarro,
Frenk & White 1996). In contrast, DM haloes made of warm or
self-interacting particles follow homogeneous-density profiles with
a ‘core’ size that depends on the particle mass (Bode et al. 2001) or
cross-section (e.g. Zavala et al. 2013). Recently, ultra-light axion-
particles have attracted considerable attention as they can provide
large cores and solve the over-abundance problem simultaneously
(e.g. Marsh & Pop 2015 and refs. therein). In addition, Lombriser &
Peñarrubia (2015) show that cosmological scalar fields that couple
non-minimally to matter may lead to the inference of DM cores in
dwarf spheroidal galaxies (dSphs).
Observationally, the distribution of DM in the Milky Way
dSphs is a matter of ongoing debate. Although current constraints
favour cored halo models in at least two of the brightest (L ∼
107L) dwarfs (Walker & Peñarrubia 2011), baryonic feedback
may have modified the primordial DM distribution in these sys-
tems, greatly complicating the interpretation of inferred halo pro-
? jorpega@roe.ac.uk
files (e.g. Pontzen & Governato 2012). Even if it is becoming
progressively clear that faint (L . 106L) dSphs cannot generate
sufficient feedback energy to remove the primordial CDM cusps
(Peñarrubia et al. 2012, di Cintio et al. 2014), the small number
of chemodynamical tracers in these galaxies and the existence of
model degeneracies introduces severe uncertainties in equilibrium
modelling techniques (Breddels & Helmi 2013). As a result, alter-
native means of constraining the DM distribution in faint dSphs are
needed. Along this line Errani et al. (2015) showed that the internal
kinematics of stellar streams associated with dSphs encode infor-
mation on the progenitor’s DM halo profile.
In this paper we show that wide binary stars may offer an al-
ternative route to probe the DM potential of the Milky Way ultra-
faint (L . 104L) dSphs. Due to their low binding energies wide
binaries are easily disrupted by the host tidal field (Heggie 1975),
which we assume to be completely DM-dominated during the full
dynamical history of these objects. In §2 we describe the equations
of motion that govern the evolution of binary systems in dSphs. §3
outlines the N-body experiments, which are later used in §4 to gen-
erate mock data and explore observational signatures. The results
are summarized in §5.
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2 BINARY SYSTEMS IN A GALACTIC POTENTIAL
2.1 Equations of motion
Consider two stars in a binary system with masses m1 and m2 and
a relative separation r = R1 − R2 moving in a galactic (spherical)
potential ΦG(R). In the galactic rest frame their barycentre can be
calculated as R = (m1R1 + m2R2)/mb, where mb = m1 + m2 is the
mass of the binary system and
R1 = +
m2
m1 + m2
r + R (1)
R2 = −
m1
m1 + m2
r + R.
Hence, the equations of motion can be written as
R̈1 = −
Gm2
|R1 − R2|3
(R1 − R2) −∇ΦG(R1) = −
Gm2
r3
r −∇ΦG(R1)(2)
R̈2 = −
Gm1
|R2 − R1|3
(R2 − R1) −∇ΦG(R2) = +
Gm1
r3
r −∇ΦG(R2).
In this work we shall assume that the relative separation between
the stars is much smaller than their distance to the galaxy centre,
such that r/R 1. Inserting Equation (1) into (2) and Taylor ex-
panding ∇ΦG around the barycentre, R, yields an equation of mo-
tion for the relative separation between the pair
r̈ = R̈1 − R̈2 ≈ −
Gmb
r3
r + T · r; (3)
where T is the tidal tensor, defined
T i j = −
∂2ΦG
∂xi∂x j
∣∣∣∣
R
. (4)
Since T i j is symmetric, it has only 6 independent components.
To compute the separation at which the mutual gravitational
attraction between the stars becomes comparable to the strength
of the external tidal field it is useful to consider the case of a bi-
nary system moving on a circular orbit with an angular frequency
Ω = vc/R = [GMG(< R)/R3]1/2 about a host galaxy with a mass
profile MG(R). Following Renaud, Gieles & Boily (2011) we ro-
tate the binary frame to a new coordinate system r′ = (x′,y′,z′),
where x′ is parallel to R, y′ is parallel to Ṙ, and z′ is perpen-
dicular to both x′ and y′. In these coordinates the effective tidal
tensor Te = −∂2(ΦG +Φc)/(∂xi∂x j) contains a centrifugal potential
Φc = −Ω2r2/2. The eigenvalue of Te associated with the x′-axis (λ1)
determines the location of the Lagrange points L1 and L2 and de-
fines the tidal radius (Renaud et al. 2011)
rt ≡
[
Gmb
λ1
]1/3
, (5)
where
λ1 = −
∂2ΦG
∂x′2
∣∣∣∣
R′
+
∂2ΦG
∂z′2
∣∣∣∣
R′
≈ γΩ2, (6)
and γ(R) ≡ −dlogρ/dlogR is the power-law slope of the host’s
density profile computed at the galactocentric radius R. Note that
in a Keplerian potential γ = 3 and Ω2 = GMG/R3, which recovers
the well-known Jacobi radius rt = R[mb/(3MG)]1/3.
Binary systems with separations r & rt may be disrupted by
the host tidal field. Interestingly, Eqs. (5) and (6) imply that the tidal
radius diverges in the limit γ→ 0, suggesting that tidal disruption
will be less efficient in galaxies with shallow density profiles1.
1 Indeed, harmonic potentials have a compressive tidal field where all the
eigenvalues become negative (see Renaud et al. for details).
2.2 Dwarf spheroidal galaxies
Dwarf spheroidal galaxies (dSphs) are particularly interesting ob-
jects because their gravitational potential is completely DM domi-
nated, i.e. ΦG = Φbaryons +ΦDM ≈ ΦDM (e.g. Mateo 1998; Gilmore
et al. 2007). Hence, measuring the relative separation between re-
solved stellar pairs in these galaxies can potentially be used to con-
strain the DM potential.
For simplicity, we assume that binary systems form with a sin-
gle mass mb and initially follow the same spatial distribution as the
total stellar component, ρ?(R), with a half-light radius, Rh. Eqs. (5)
and (6) indicate that the disruption of binary systems due to tides
will be mainly determined by (i) the slope of the DM density pro-
file at R ≈ Rh and (ii) the enclosed mass M(< Rh). Several studies
have shown that the latter quantity can be robustly inferred from
observations as
M(< Rh) =
5Rhσ2?
2G
, (7)
where σ? is the luminosity-averaged velocity dispersion (Walker et
al. 2009). The mass estimate (7) is independent of the stellar ve-
locity anisotropy (e.g. Walker et al. 2009) and also holds in triaxial
haloes drawn from cosmological simulations (Laporte et al. 2013).
To estimate the tidal radius (5) for the Milky Way dSph popu-
lation we use the observed relationship between the velocity dis-
persion and half-light radius, σ? = σ0(Rh/R0)α, where α ' 0.5,
σ0 ' 0.93kms−1 and R0 = 1pc (Walker et al. 2010). Combination
of Eqs. (5), (6) and (7) for mb = 1M yields
rt =
[
2GmbR2α0
5γσ20
]1/3
R2(1−α)/3h ' 0.27pc
[
1
γ(Rh)
· Rh
10pc
]1/3
, (8)
which suggests that binary disruption by the smooth DM tidal field
is most efficient in the smallest dSphs. Given that the widest binary
known to us has a separation of∼ 1.1pc (Chanamé & Gould 2004;
Quinn et al. 2009), galaxies with half-light radii Rh . 700pc pro-
vide the best targets to probe the shape of the DM halo mass profile
via the separation function of stellar pairs (see §4.2).
3 N-BODY EXPERIMENTS
The tidal limit estimates derived in §2.2 assume that stars move on
circular orbits about the centre of the potential. In this Section we
use N-body techniques to examine more realistic orbital configura-
tions that reproduce the brightness profile and velocity dispersion
of Segue I, the closest ultra-faint dSph known to us.
3.1 Evolution in the host galaxy potential
We use the method of Walker & Peñarrubia (2011) to generate
tracer particle ensembles in equilibrium within a spherical DM halo
potential (see that paper for details). Briefly, we adopt a DM model
ρ(R) =
ρ0R4s
(R + Rc)(R + Rs)3
; (9)
which approaches a Hernquist (1990) profile in the limit Rc → 0,
thus recovering the cuspy profile observed in self-consistent CDM
simulations of structure formation.
Stars are tracer particles distributed as a Plummer (1911)
sphere,
ρ?(R) =
ρ?,0
[1 + (R/R?)2]5/2
; (10)
c© 0000 RAS, MNRAS 000, 000–000
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where Rh ' 1.3R?. Stellar velocities are drawn from a Opsikov-
Merrit distribution function (Osipkov 1979; Merrit 1985). These
models have velocity distributions with anisotropy profiles of the
form β?(R)≡ 1 − v2θ/v2r = R
2/(R2 + R2a), where Ra is the “anisotropy
radius”. Here we consider stellar models with isotropic (Ra →∞)
and radially anisotropic (Ra = R?) orbital distributions.
The model parameters are chosen to reproduce the luminos-
ity profile and the velocity dispersion of Segue I (Belokurov et
al. 2007), the closest ultra-faint dSph (D = 23kpc, Martin et al.
2008). Inserting the (deprojected 3D) half-light radius Rh ' 40pc
(Martin et al. 2008; Simon et al. 2011) and the velocity dispersion
σ? ' 4kms−1 (Geha et al. 2009; Simon et al. 2011) in Eq. (7) leads
to an enclosed mass M(<Rh)' 3×105M which, combined with a
luminosity Lv ∼ 300L, yields a mass-to-light ratio 2M(< Rh)/L∼
2000(M/L), making this galaxy one of the darkest known to us
(Geha et al. 2009). Note that the dynamical time of this galaxy,
Ω−1 ' 7Myr, is hundreds of times shorter than the the estimated
stellar age (Belokurov et al. 2007). To find the DM parameters ρ0
and Rs we impose two conditions on the halo profile: (i) the mass
enclosed within 40pc is 3× 105M and (ii) its concentration fol-
lows the relation found by Macciò et al. (2007) at redshift z = 0.
Tests with different M − c relations yield very similar results, high-
lighting the fact that at leading order the tidal field is controlled by
M(< Rh) and γ, as expected from (6). We consider DM core sizes
Rc/Rh = 0,1,2 and 3 (Rc = 0 corresponds to a DM cusp). With these
choices the halo parameters are [Rc/pc,Rs/pc,ρ0/(M pc−3)] =
[0,85,0.95]; [40,300,0.42]; [80,913,0.18] and [120,2465,0.09].
All our models have scale radii Rs  Rc ∼ Rh, so that the stellar
populations are deeply embedded in the DM halo potential.
For each halo model we generate equilibrium ensembles of
N? = 104 tracer particles. Orbits in the host potential are followed
for 10Gyr using the particle-mesh code SUPERBOX (Fellhauer et al.
2000) with a time step ∆t = Ω−1/20. For Seg I Ω−1 ' 7Myr, which
yields a total number of time steps Nt = 10Gyr/∆t = 28570. At
each timestep, and for all particles, we record the 6 (independent)
components of the tidal tensor (4).
The equations of motion (3) are solved using a Runge-Kutta
scheme (e.g. Press et al. 1992) with a variable time-step chosen
such that energy conservation in isolation is better than 1 : 1000. To
calculate the tidal force at any arbitrary time of the binary evolution
we use a sync-interpolation algorithm (Peñarrubia et al. in prep.).
3.2 Binary systems
We characterize the initial orbits of binary systems by their semi-
major axis distribution q(a, t = 0), and a eccentricity distribu-
tion f (e, t = 0). Both are probability functions normalized so that∫ amax
amin
q(a)da =
∫ 1
0 f (e)de = 1 at all times.
Motivated by observations of wide binaries in the Milky Way
we adopt a power-law distribution q(a, t = 0) = cλa−λ, with cλ be-
ing a normalization constant and λ & 1. Current constraints favour
a power-law index between λ = 1 (the Öpik 1924 distribution; e.g.
Longhitano & Binggeli 2010) and λ' 1.5 (e.g. Chanamé & Gould
2004); for simplicity the results shown below assume λ = 1, al-
though we also test models with λ = 1.5 Below we show that the
limits amin = 0.02pc and amax = 2.0pc cover the relevant scales in
our study. For a pair with mb = 1M this implies orbital periods
between 0.26–264Myr.
The eccentricity distribution of binaries with a & 0.05pc
remains largely unconstrained. Recently, Tokovinin & Kiyaeva
(2016) find that nearby binaries with a . 0.05pc have a distribu-
Figure 1. Fraction of surviving binaries as a function of time. Note the two
distinct evolutionary regimes, a rapid ‘catastrophic’ evolution where tidal
disruption occurs on a time-scale comparable to the orbital dynamical time
of the galaxy, t ∼ Ω−1, followed by a much slower ‘diffusive’ evolution
on time-scales t  Ω−1. Comparison between the two panels indicates no
sensitivity to the initial eccentricity distribution, f (e).
tion f (e) ∝ κe, with κ ≈ 1.2. N-body simulations that follow the
formation of wide binaries during the dissolution of stellar clusters
find κ ' 2 (Kouwenhoven et al. 2010). Here we explore models
with random ( f (e) = const.) and thermal (κ = 2) distributions.
4 RESULTS
4.1 Tidal disruption
Fig. 1 shows that the disruption of binary systems is less efficient in
haloes with shallow density profiles, as expected from the analyti-
cal estimates in §2.1. The binary fraction follows two evolutionary
regimes: an exponential disruption rate on a time-scale comparable
to the orbital dynamical time of the galaxy, t ∼ Ω−1, in which bi-
naries are disrupted shortly before or during their first pericentric
approach. This is followed by a very gentle decline on time-scales
t Ω−1 resulting from small (‘diffusive’) energy injections during
consecutive pericentres. Comparison of the upper and lower panels
shows that the initial eccentricity distribution plays a minor role in
determining the survival of wide binaries. In what follows we focus
on models with a thermal eccentricity distribution.
Given that the binding energy of a binary system is E =
−Gmb/(2a) we expect tidal disruption to affect predominantly sys-
tems with large semi-major axes. This is visible in Fig. 2, which
shows that the fraction of surviving binaries, fs ≡ q(a, t)/q(a, t = 0),
sharply drops at semi-major axes a & at (marked with vertical dot-
ted lines for ease of reference), with a truncation at that shifts to
larger separations as the DM core size increases relative to the stel-
lar size. In contrast, binaries with a at and high binding energies
survive regardless of the halo profile. To estimate at we fit fs with
a broken power-law function,
g(a) =
1
[1 + (a/at )m]n/m
, (11)
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Fraction of surviving binaries as a function of semi-major axis.
Upper and lower panels show stellar binaries with isotropic (Ra→∞) and
radially anisotropic (Ra = R?) orbital distributions (see text). Black-dashed
lines show the best-fitting functions (11). Vertical dotted lines mark the lo-
cation of the truncation scale at .
which contains three free parameters: a truncation at , an in-
termediate slope m > 0 and an outer slope n ≥ 0, such
that fs ∼ (a/at )−n for a  at . For stellar binaries moving on
isotropic orbits (Ra →∞; upper panel) the best-fitting parameters
are [at/pc,m,n] = [0.11,4.7,3.2], [0.21,5.9,3.5], [0.31,4.1,3.4],
[0.36,3.8,3.2] for Rc/Rh = 0,1,2 and 3, respectively; for ra-
dially anisotropic models (Ra = R?; lower panel) we find
[0.11,3.8,6.3], [0.19,5.9,3.5], [0.28,4.6,3.2] and [0.39,3.5,3.9],
respectively. We checked that these values do not depend on the
slope of q(a, t = 0) insofar as λ . n. We also find a negligible de-
pendence to the initial eccentricity distribution, f (e, t = 0). Radially
anisotropic orbital distributions bring a larger fraction of binaries
to the central regions of the potential. For cuspy profiles this leaves
at unchanged, but steepens the power-law index n. For cored mod-
els, however, the shape of the binary separation function is largely
independent of the assumed velocity distribution. The key result is
that fs depends sensitively on the DM profile: in cuspy haloes fs is
truncated at separations a factor of 2–3 smaller than in any of the
cored profiles considered here, reflecting the weak dependence of
the tidal radius (5) on galactocentric distance in regions where the
halo slope γ→ 0.
4.2 Observational signatures
A direct measurement of the orbital parameters of wide binaries in
dSphs is currently unfeasible owing to their long orbital periods. To
investigate whether the projected separation of stellar pairs holds
information on the shape of the DM halo profile we construct mock
catalogues of Segue I using the isotropic N-body models outlined
in §3. The number of stars in this galaxy is N?,tot ≈ Υ?Lv/〈m?〉 =
1500, where we have assumed a stellar mass-to-light ratio Υ? =
2M/L typical for old, metal-poor stellar populations (Bell & de
Jong 2001), and a Kroupa (2002) IMF with a mean stellar mass
〈m?〉 = 0.4M. We further assume that at most 2/3 of N?,tot can
be detected with current instrumentation, which yields N? = 1000,
of which Nb = fbN? are individual particles in binary systems with
locations given by Eq. (1) with m1 = m2. For each mock we measure
the projected two-point correlation function (2PCF) as
1 + w(s)≡ ψ(s)
P(s)
, (12)
where ψ(s) is the number of pairs with projected separations be-
tween s,s + ds and P(s) is the expected number of random pairs in
the same interval.
As expected, Fig. 3 shows that presence of binaries leads to
an excess (w > 0) of pairs at separations s . at with respect to the
random distribution. To understand the shape of the 2PCF we can
relate the function ψ(s) to the semi-major axis distribution q(a, t)
as (Longhitano & Binggeli 2010)
ψ(s)≈ fbN?q(〈s〉, t) = fbN?c′λ〈s〉−λ fs(〈s〉, t), (13)
where 〈s〉 is the average projected separation at a fixed semi-major
axis, fs ≈ g is the survival fraction curves fitted in Fig. 2 (dashed
lines), and c′λ is a normalization factor such that
∫ 〈s〉max
〈s〉min
dsq(s, t) = 1.
For a thermal eccentricity distribution 〈s〉 = 5πa/16 ' 0.98a (Yoo
et al. 2004). However, our N-body models indicate that the orbits
of bianary systems with a & at become radially biased, decreasing
the average separation to 〈s〉/a = 0.93 and 0.70 in cuspy and cored
(Rc = 3Rh) halo models, respectively. Blue-solid and red-dashed
lines in Fig. 3 show that Eq. (13) provides a good match to the mea-
sured 2PCFs. Note that at s at we have fs ' 1 and ψ(s) ∼ s−λ.
Since the number of random pairs obeys P(s)ds∼ sds, we find that
w ∼ s−(λ+1) at small separations, thus constraining the slope of the
unperturbed semi-major axis distribution (λ). In addition, theoret-
ical lines cross each other at s∼ at , and since q(a, t) is normalized
to unity we find that the smaller the truncation scale the larger con-
tribution to w at small separations and vice versa, suggesting that
the 2PCF provides a useful statistical tool to distinguish between
the halo profiles explored in §3. Whether or not a statistically-
meaningful distinction is feasible with current technology depends
on the (unknown) wide binary fraction. The Poisson error bars indi-
cate that a robust characterization of the DM halo profile in galaxies
with L . 103L at a heliocentric distance D requires deep astrom-
etry data with a minimum resolution ∆θmin ∼ at/D and fb & 0.1.
5 DISCUSSION & SUMMARY
In this paper we use N-body simulations to explore the survival
of wide stellar binaries in the DM haloes of ultra-faint dSphs. We
find that binaries with semi-major axes a & at are disrupted by the
halo tidal field on time-scales t ∼Ω−1 = [GM(< Rh)/R3h]−1/2, where
M(< Rh) is the mass enclosed within the half-light radius Rh of the
dwarf. Our models indicate that the truncation scale at is sensitive
to the shape of the DM halo mass profile. For the dynamical mass
(' 3×105M), size (' 40pc) and stellar ages (& 10Gyr) of Segue
I, the closest ultra-faint, our models predict values for at that are
a factor of 2–3 smaller in cuspy haloes than in any of the cored
models considered here.
The models adopt a static, smooth DM potential in order to de-
rive the dSph tidal field acting on the binary particles. Although the
static approximation may be justified by the small evolution of DM
haloes within the region populated by stars (e.g. Cuesta et al. 2008),
neglecting the large population of dark substructures predicted by
ΛCDM may overestimate the survival of binaries (Peñarrubia et
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. Projected two point correlation function for mocks of Segue I with N? = 1000 and different wide binary fractions ( fb = Nb/N?). Blue-solid and
red-dashed lines correspond to the analytical estimates from Equation (13). Comparison with Fig. 2 shows that theoretical lines cross each other at s∼ at .
al. 2010). Dense substructures (both dark and baryonic) may be
particularly damaging if they can reach the central regions of the
host halo before being tidally disrupted (Laporte & Peñarrubia
2015; Starkenburg & Helmi 2015; Benítez-Llambay et al. 2016).
Given that dynamical friction becomes inefficient in homogeneous-
density cores (Read et al. 2006) we expect encounters between stars
and substructures to be more likely in dSphs embedded in cuspy
DM haloes. Studying the impact of clumps may also be relevant for
warm and axion dark matter models in which dSphs are expected
to be largely devoid of dark substructures. We plan to address these
issues in future contributions by injecting binary populations in po-
tentials drawn from cosmological hydrodynamic simulations.
The analysis of mock data indicates that measuring the 2PCF
of stellar pairs in the Milky Way ultra-faint dSphs may provide a
useful statistical tool to detect and characterize the semi-major dis-
tribution of wide binaries, and hence constrain the inner slope of
the DM halo profile. This type of analysis requires deep photomet-
ric data with sub-arcsecond resolution, providing a case for space
missions like HST and the forthcoming WFIRST.
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